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We reinvestigate the classical time hierarchy theorem in computational complexity theory from Hart-
manis and Stearns (1965). We provide a seemingly different proof of the time hierarchy theorem
by defining a slow growing computable function that is infinitely often smaller than any t(n)-time
computable superconstant function. The time complexity lower bound is obtained by considering
whether the function itself is t(n)-time computable.

1 Introduction

1.1 Background

The classical time hierarchy theorem was introduced in Hartmanis and Stearns (1965) [6]. It can be
expressed as DTIME(t1(n)) ( DTIME((t2(n))2) for all well-behaved time bounds t1(n) and t2(n) such
that t1(n) is o(t2(n)). In 1966, it was improved by Hennie and Stearns using tape-reduction [7]. In
particular, we have DTIME(t1(n)) ( DTIME(t2(n) log(t2(n))) when t1(n) is o(t2(n)). Later in 1982,
tightness was achieved by Fürer when restricted to a fixed number of tapes [4]. That is, we have
DTIME(t1(n)) ( DTIME(t2(n)) when t1(n) is o(t2(n)). Achieving tightness for an unbounded num-
ber of tapes seems difficult, as that appears to require an improvement to the tape reduction theorem
which currently introduces a log(t2(n)) factor in the runtime upper bound.

The proof of the time hierarchy theorem has two components. The first part is universal simulation.
Essentially, we show that the acceptance language AT M = {i#x |Mi accepts x in t2(|x|) steps or less} is
decidable in O(t2(n) log(t2(n))) steps. In other words, AT M ∈ DTIME(t2(n) log(t2(n))). The second part
is diagonalization. We consider the diagonal language DT M = {i |Mi does not accept i in t2(|i|) steps or less}.
Then, we suppose for sake of contradiction that DT M ∈ DTIME(t1(n)). If it is, then there is a machine
Mi that decides DT M in o(t2(n)) time. This leads us to a contradiction because i ∈ DT M ⇔ i /∈ DT M. It
follows that DT M ∈ DTIME(t2(n) log(t2(n))) and DT M /∈ DTIME(t1(n)).

1.2 Terminology and Notation

In this work, we adopt the following terminology and notations. Much of the terminology is either
borrowed from or a slight variation to that from [8]. In addition, all logarithms will be base 2.

We index Turing machines using a form of Gödel numbering [5, 8]. Each Turing machine is rep-
resented as Mi for some number i such that we can efficiently compute from the number i the states
and transitions of the machine Mi. Turing machines decide languages while Turing transducers com-
pute functions. The Turing machines that we consider in the following all have a fixed number of tapes
(specifically, two tapes). In particular, each Turing machine has a designated input tape where the input
(represented as a string) is initially written. Each machine also has a work tape. Both tapes are two-
way, use a binary alphabet, have a leftmost initial cell, and extend infinitely to the right. Each Turing
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transducer similarly has a designated input tape and an output tape. The string on the output tape at the
moment when the machine halts represents the transducer’s output.

A language L is t(n)-time decidable if there exists a Turing machine that decides L and always halts
in at most O(t(n)) steps where n is the input length. More simply, we write L∈DTIME(t(n)). A function
f : N→ N is said to be t(n)-time computable if there exists a Turing transducer that computes f (n) in
at most t(n) steps for any given input number n. By input number we mean the number represented by
the input string. We will represent input numbers in unary for convenience, although we suggest that the
results in this work could be adapted for binary representation. Furthermore, a function t(n) is said to be
time-constructible if it is O(t(n))-time computable. In addition, we consider the following properties of
functions. We say that f (n) is superconstant if f (n) is ω(1). We say that f (n) is non-decreasing if for
all n1, n2 ∈ N, we have n1 < n2 implies f (n1) ≤ f (n2). We say that f (n) is superadditive if for all n1,
n2 ∈ N, we have f (n1 + n2) ≥ f (n1)+ f (n2) [1]. We say that t(n) is a well-behaved time bound if it is
non-decreasing, superadditive, time-constructible, and t(n)≥ n for all n ∈ N.

1.3 Fixed Points and Anti-Fixed Points

The time hierarchy theorem has a strong connection with fixed points. In particular, in [11, Theorem
6.20], it was shown how the diagonalization argument from the classic proof of the time hierarchy the-
orem can be reframed as a fixed point argument. Another relationship that we have observed is that the
time hierarchy theorem itself, when expressed in terms of function classes instead of language classes,
can be viewed as a result about anti-fixed points. We present this observation in Theorem 1.2 below.

We proceed by introducing additional terminology and notation. Let FDTIME(t(n)) denote the
class of functions f : N→ N such that f (n) is O(t(n))-time computable. Consider the set of functions
F= { f | f : N→ N} and the function compose : P(F)→P(F) such that for all X ⊆ F,

compose(X) = { f ◦g | f ∈ FDTIME(n2) and g ∈ X}.

Lemma 1.1. For any well-behaved time bound t(n), compose(FDTIME(t(n))) = FDTIME((t(n))2).

Proof. First, let f ◦ g ∈ compose(FDTIME(t(n))) be given. Observe that g(n) is computed in O(t(n))
time, the output of g(n) is O(t(n)), and f evaluated on an input number that is O(t(n)) takes O((t(n))2)
time. Therefore, we have that f ◦g is O((t(n))2)-time computable. Second, let h ∈ FDTIME((t(n))2) be
given. We will represent h as f ◦g such that g ∈ FDTIME(t(n)) and f ∈ FDTIME(n2). We define g(n)
in such a way that g(n) is Θ(t(n)) and we can efficiently recover n given g(n). We accomplish this by
setting g(n) = 2blog(t(n))c+1 + n. We define f so that it extracts n from an input g(n) and then evaluates
h(n). We extract n by getting the binary representation of g(n) and then removing the leading 1 bit.

We consider a variation of the time hierarchy theorem for computable functions rather than decid-
able languages. In particular, notice1 that FDTIME(t(n))( FDTIME((t(n))2) for all well-behaved time
bounds t(n). By combining with Lemma 1.1, we have the following anti-fixed point result.
Theorem 1.2 (Anti-Fixed Points). For any well-behaved time bound t(n),

FDTIME(t(n)) 6= compose(FDTIME(t(n))).

Proof. By combining the time hierarchy theorem for function classes with Lemma 1.1, we have that

FDTIME(t(n))( FDTIME((t(n))2) = compose(FDTIME(t(n))).

It follows that all FDTIME(t(n)) classes are anti-fixed points for the function compose.
1Technically, this holds trivially because any function that is Θ((t(n))2) cannot be computed in O(t(n)) time.
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1.4 Slow Growing Functions

In this subsection, we introduce a template such that for any well-behaved time bound t(n), we have
a slow growing function SFt(n). We will see that these functions are so slow growing that SFt(n) is
infinitely often smaller than any superconstant o(t(n))-time computable function. In the following, we
denote by time(Mi) the number of steps taken before halting by a Turing machine Mi when given an
empty input. If it does not halt, then time(Mi) takes the value ∞. Now, we proceed with the definition.

Definition 1.3. For any well-behaved time bound t(n), we define the function SFt : N→ N such that

SFt(n) = min{i ∈ N |n≤ time(Mi)≤ t(n)}.

Next, we prove that these functions are growing. That is, we observe that SFt(n) is superconstant.

Proposition 1.4. For any well-behaved time bound t(n), we have that SFt(n) is ω(1).

Proof. Let k ∈ N be given. Consider m = max{time(Mi) | i ≤ k and time(Mi) < ∞}+ 1. Hence, there
cannot exist a Turing machine Mi with i≤ k such that m≤ time(Mi)< ∞. Therefore, SFt(m)> k. Since
k was an arbitrary natural number, the proposition holds.

Remark 1.5. The SFt(n) functions grow, but do so slowly. An upper bound of O(poly(log(n))) holds
when t(n) ≥ 2 · n. In particular, given n ∈ N, there exists 2m ∈ N such that n ≤ 2m ≤ 2 · n ≤ t(n). By
constructing small machines that count to fixed numbers [10, 3, 2], it can be shown that there exists an
O( log(m)

log log(m)) state Turing machine Mi such that n ≤ time(Mi) ≤ 2m. Since Mi has O( log(m)
log log(m)) states, i

must be O(poly(m)) which is O(poly(log(n))). It follows that SFt(n) is O(poly(log(n))). In future work,
we plan to more carefully investigate and prove bounds for the SFt(n) functions.

2 Reproducing the Time Hierarchy Theorem

In this section, we provide our proof of the time hierarchy theorem using the slow growing SFt(n) func-
tions. We start by proving the following proposition which states that these functions are computable.
This proposition is similar to the universal simulation part of the classic proof of the time hierarchy the-
orem. Note that because we focus on Turing machines with a fixed number of tapes (specifically, two
tapes), the following proof works without a log(t(n)) factor.

Proposition 2.1. For any well-behaved time bound t(n), we have that SFt(n) is t ′(n)-time computable
where t ′(n) is O(t(n) ·SFt(n) · log(SFt(n))).

Proof. Start with a value i = 0 and simulate the two-tape Turing machine Mi for at most t(n) steps on an
empty input. Then, increment i and repeat. If i is found such that n≤ time(Mi)≤ t(n), then SFt(n) = i.
In summary, we simulate SFt(n)+ 1 many machines each for at most t(n) steps where each simulation
takes O(t(n) · log(SFt(n))) time. Therefore, the total runtime is O(t(n) ·SFt(n) · log(SFt(n))).

The reason that each simulation has a factor of log(SFt(n)) is because we represent Mi as a bit string
s of length at most O(log(SFt(n))) and we initially write down t(n) equally-spaced copies of s across the
tape so that we always have quick access to look up the next transition to take during the simulation.

The following lemma is our main result about the slow growing SFt(n) functions and is of indepen-
dent interest. We will apply this lemma to prove our version of the time hierarchy theorem.

Lemma 2.2. For any well-behaved time bound t(n) and o(t(n))-time computable superconstant function
f (n), we have that SFt(n)< f (n) for infinitely many input values n ∈ N.
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Proof. Let T denote a Turing transducer such that T computes f (n) in at most t(n)
2 steps. For each d ∈N,

we define a Turing machine M (d) as follows. The machine M (d) starts with a value i = 0 and uses T
to evaluate f (2i). If we have 2d < f (2i), then halt. Otherwise, increment i and repeat.

The machine M (d) will eventually halt because f (n) is ω(1) which implies that there will eventually
be a value k ∈ N such that 2d < f (2k). The total runtime2 will be at most

Σk
i=0 t(2i)

2
≤

t(2k)+ t(Σk−1
i=0 2i)

2
=

t(2k)+ t(2k−1)
2

≤ t(2k).

This works because of the superadditive property t(n1)+ t(n2) ≤ t(n1 + n2) which holds since t(n) is a
well-behaved time bound. In addition, the runtime will be at least 2k from evaluating f (2k) since every
input symbol from the unary input number 2k must be read.

Also, the machine M (d) is straightforward to construct given the Turing transducer T . If T has m
states, then there exists a constant C such that M (d) has at most O( log(d)

log log(d))+m+C states. The first
term comes from counting the number d as in [10, 3, 2]. Therefore, since m+C is a constant, there is
j ≤ p(d) for a polynomial p, independent of d, such that M (d) = M j. Hence, SFt(2k)≤ j ≤ p(d).

Now, we can pick d sufficiently large so that SFt(2k)≤ p(d)< 2d < f (2k). It follows that we have a
single input n = 2k such that SFt(n)< f (n). Next, we pick d′ such that f (2k)< 2d′ . From there, we get
k′ > k such that SFt(2k′)< f (2k′). That is, we have that n′ = 2k′ > n such that SFt(n′)< f (n′). Moreover,
we can repeat this process to get infinitely many values n ∈ N such that SFt(n)< f (n).

The following theorem is our lower bound result. It applies the preceding lemma with f (n) = SFt(n).
This seems to be a form of self-reference resembling diagonalization.
Theorem 2.3 (Lower Bound). For any well-behaved time bound t(n), we have that SFt(n) is not com-
putable in o(t(n)) time.

Proof. Suppose for sake of contradiction that SFt(n) is o(t(n))-time computable. By Proposition 1.4,
SFt(n) is ω(1). Hence, we can apply Lemma 2.2 with f (n) = SFt(n) to get that SFt(n) is infinitely often
smaller than itself. This is a contradiction because we cannot have SFt(n)< SFt(n) for any n ∈ N.

Remark 2.4. Let us examine how Lemma 2.2 is applied to prove Theorem 2.3. We define a function
G : F→ N. That is, G maps functions to natural numbers. Given an appropriate function f : N→ N, we
define G( f ) = n where n is the smallest value such that SFt(n)< f (n). Therefore, SFt(G( f ))< f (G( f )).
Now, consider f = SFt . In this case, we get SFt(G(SFt))< SFt(G(SFt)) which would be a contradiction.

Now, we obtain our version of the Time Hierarchy Theorem by representing the function SFt(n) as a
language. Then, we combine Proposition 2.1 and Theorem 2.3.
Corollary 2.5 (Time Hierarchy). For any well-behaved time bounds t1(n) and t2(n) where t1(n) ·SFt2(n)
is o(t2(n)), we have that DTIME(t1(n))( DTIME(t2(n) ·SFt2(n) · log(SFt2(n))).

Proof. By Proposition 2.1, we have that SFt2(n) is computable in O(t2(n) · SFt2(n) · log(SFt2(n))) time.
Also, by Theorem 2.3, we have that SFt2(n) is not computable in o(t2(n)) time. Next, we convert the
function SFt2(n) into an associated language L of binary strings that encode ordered pairs of numbers
in such a way that an ordered pair (n,SFt2(n)) ∈ N2 will be encoded as a string of length n. To do this,
we encode both numbers in binary and include a padding to make the first number equal to the encoded
string’s length. Hence, L ∈ DTIME(t2(n) ·SFt2(n) · log(SFt2(n))). Also, L /∈ DTIME(t1(n)) because oth-
erwise, SFt2(n) is computable in O(t1(n) · SFt2(n)) time which is o(t2(n)) by searching for the encoded
pair in L with n as the first number.

2Any overhead costs can be overcome by picking a transducer that computes f (n) more efficiently by a constant factor.
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3 Conclusion and Future Directions

The time hierarchy theorem is a fundamental result in computer science. In Corollary 2.5, we reproduced
a variation of this classic theorem. Although the statement of our version offers no real improvement, we
have shown a seemingly different approach for proving a time complexity lower bound. Furthermore, we
have shown how these slow growing computable functions, denoted by SFt(n), are strongly connected
with the complexity classes DTIME(t(n)). We plan to expand this work to offer a more intensive study of
these functions. In particular, we notice a strong relationship between these functions and the busy beaver
functions from [9]. Because of this association, the authors informally refer to the SFt(n) functions as
the slow sloth functions and continue to explore their seemingly unusual behaviors.
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