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Recall that a least fixed point µX .F(X) in a given structure can be computed by starting from the
empty set and then iteratively applying F ; in general, a transfinite number of iterations is needed,
where for limit ordinals we take the union of all sets obtained so far. The necessary number of
iterations depends both on a formula and on a structure. We may however ask if a formula F admits
some upper bound: an ordinal rank(F), called the closure ordinal of µX .F(X), such that in every
structure the fixed-point is reached in at most rank(F) steps. Assuming that the variable X does not
occur in F in the scope of any further fixed-point operations, we prove that either the closure ordinal
of µX .F(X) is uncountable, or strictly smaller than ω2. We also provide a way of deciding which
of these cases holds. The same result (with minor differences) was shown by Afshari, Barlucchi, and
Leigh at FICS 2024; we provide an alternative proof, by reducing to an analogous dichotomy for
MSO-definable relations over the infinite binary tree. The main part of the proof is then done in the
framework of finite automata over the infinite binary tree, and involves a game-based technique.

A full version of our result was presented at STACS 2025 [19].

In the context of µ-calculus, one asks how many iterations are needed to reach a fixed point; this as-
pect concerns complexity of model checking (cf. [7, 13]), as well as expressive power of the logic (cf. [7,
6]). Recall that, in an infinite structure, a least fixed point µX .F(X) is in general reached in a transfi-
nite number of iterations: /0,F( /0), . . . ,Fγ( /0), . . ., where, for a limit ordinal γ , Fγ( /0) =

⋃
ξ<γ Fξ ( /0). It is

therefore natural to ask if, for a given formula, one can effectively find a closure ordinal rank(F), such
that, in any model, the fixed point can be reached in rank(F), but in general not less, iterations. This
notion generalises in a natural way to a vectorial least fixed point µX⃗ . F⃗(X⃗), where F⃗(X⃗) is a tuple of
formulae F1(X⃗), . . . ,Fk(X⃗) and X⃗ is a tuple of variables X1, . . . ,Xk.

For example, consider F(X) =□5⊥∧(♢X ∨□⊥). It holds in a node x if there are no paths of length 5
from x, and additionally either some successor of x is in X or x has no successors. Then µX .F(X) holds
in a node x if there are no paths of length 5 from x. Syntactically, the formula also requires that a node
without successors is reachable from x; this automatically follows from the first part. Let us see how the
fixed point µX .F(X) is reached by iterating F . The first iteration F( /0) holds in nodes without successors.
The second iteration F(F( /0)) holds also in nodes having a successor without successors (but restricted
to nodes from which there are no paths of length 5). Then F(F(F( /0))) adds the next level: nodes from
which in two steps you can reach a node without successors; likewise F4( /0). Finally F5( /0) contains
already all nodes from which there are no paths of length 5, because from every such node you can reach
a node without successors in at most 4 steps. Thus the closure ordinal of µX .F(X) is 5.

Note that the same set can be expressed without any fixed point, writing just □5⊥, or with a trivial
fixed point µX .□5⊥, stabilizing after a single step. It follows that the closure ordinal is a property of a
formula, not of defined sets; equivalent formulae may have different closure ordinals.
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Fontaine [15] effectively characterised the formulae such that in each model the fixed point is reached
in a finite number of steps (i.e., having closure ordinal at most ω). Czarnecki [12] observed that some
formulae have no closure ordinals but, for each ordinal η < ω2, there is a formula whose closure ordinal
is η . He also raised the following question.

Question (Czarnecki [12]). Is there a µ-calculus formula of the form µX .F(X) that has a countable
closure ordinal rank(F)≥ ω2?

Gouveia and Santocanale [16] exhibited an example of a formula (with an essential alternation of the
least and greatest fixed-point operators) whose closure ordinal is ω1; clearly this limit can be achieved
only in uncountable models. In general, it remains open whether a formula µX .F(X) of the µ-calcu-
lus may have a countable closure ordinal rank(F)≥ ω2. Results are known for fragments of µ-calculus.
Afshari and Leigh [2] claimed a negative answer for formulae of the alternation-free fragment of µ-calcu-
lus; however, as the authors have later admitted [1], the proof contained some gaps. In a recent paper [1],
Afshari, Barlucchi, and Leigh update the proof and extend the result to formulae of the so-called Σ-frag-
ment of the µ-calculus. More specifically, the authors consider vectorial fixed points µX⃗ . F⃗(X⃗), where
the formulae in F⃗ may contain closed sub-formulae of the full µ-calculus, but the variables of X⃗ do not
fall in the scope of any fixed-point operators. The authors show that if a countable number of iterations
η suffices to reach the least fixed point of such a system in any countable structure then η < ω2.

In our work, we obtain an alternative proof of the same theorem, slightly generalised. One difference
is that Afshari, Barlucchi, and Leigh consider only countable models. We prove that this does not change
anything: if a formula requires some countable number of iteration in some (uncountable) model, then the
same holds in some countable model. In other words, while considering only countable closure ordinals,
it does not matter if in their definition we quantify only over countable models, or over all models.
Second, Afshari, Barlucchi, and Leigh require that the considered formulae are guarded, meaning that
all occurrences of the variables X1, . . . ,Xk should be in the scope of some modal operator. While it is
known that every formula is equivalent to a guarded one, it was not clear whether the translation preserves
the closure ordinal (as we have seen, equivalent formulae may have different closure ordinals). We show
how to perform this conversion so that it does not affect the obtained theorem (the closure ordinal may
change slightly, but only by a finite number). Third, we provide a decision procedure, which was not at
all present in their paper.

Theorem 1. Let F⃗(X⃗) = (F1(X⃗), . . . ,Fk(X⃗)) with X⃗ = (X1, . . . ,Xk) be a tuple of µ-calculus formulae in
which the variables X1, . . . ,Xk do not occur in the scope of any fixed-point operator. Then, the closure
ordinal of µX⃗ . F⃗(X⃗) is either strictly smaller than ω2, or at least ω1, and it can be effectively decided
which of the cases holds. In the former case, it is possible to compute a number N ∈ N such that the
closure ordinal is bounded by ω ·N.

Note that we allow arbitrary closed formulae of µ-calculus to be nested in F⃗ ; however, we do not
cover the whole µ-calculus, because of the restriction on occurrences of the variables of X⃗ . This stays in
line with the fragment considered by Afshari, Barlucchi, and Leigh [1].

While the proof of Afshari, Barlucchi, and Leigh [1] analyses the µ-calculus formulae, we proceed in
a completely different way. Namely, we first (in a rather standard way) prove that it is enough to consider
models which are countable trees. Then, we switch to the monadic second-order logic (MSO), taking
into account the fact that over such models MSO and µ-calculus are equiexpressible, and we further
move from trees of arbitrary branching to the infinite binary tree. The question about closure ordinals is
translated to a question about MSO-definable relations of well-founded sets, which we now explain. The
later question is interesting on its own.
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The concept of a well-founded relation plays a central role in foundations of mathematics. It gives
rise to ordinal numbers, which underlie the basic results in set theory, for example that any two sets can be
compared in cardinality. Well-foundedness is no less important in the realm of computer science, where
it often underlies the proofs of termination of non-deterministic processes, especially when no efficient
bound on the length of a computation is known. In such cases, the complexity of possible executions is
usually measured using an ordinal called rank. Such a rank can be seen as a measure of the depth of the
considered partial order, taking into account suprema of lengths of possible descending chains. Estimates
on a rank can provide upper-bounds on the computational complexity of the considered problem [22].

In this work, we adopt the perspective of mathematical foundations of program verification and
model-checking. We focus on the monadic second-order logic (MSO) interpreted in the infinite binary
tree (with the left and right successors as the only non-logical predicates), which is one of the reference
formalisms in the area. The famous Rabin Tree Theorem [21] established its decidability, but—half
a century after its introduction—the theory is still an object of study. On the one hand, it has led to
numerous extensions, often shifting the decidability result far beyond the original theory (see e.g. [4, 20]).
On the other hand, a number of natural questions regarding Rabin’s theory remain still open, including
a large spectrum of simplification problems. For example, we still do not know whether we can decide if
a given formula admits an equivalent form with all quantifiers restricted to finite sets. Similar questions
have been studied in related formalisms like µ-calculus or automata; for example if we can effectively
minimise the Mostowski index of a parity tree automaton [11, 14], or the µν-alternation depth of a
µ-calculus formula [5].

On the positive side, some decidability questions have been solved by reductions to the original
theory. For example, it has been observed [17] that for a given formula ϕ(X⃗), the cardinality of the
family of tuples of sets X⃗ satisfying ϕ(X⃗) can be computed; this cardinality can be either finite, ℵ0, or
c. Later on, Bárány, Kaiser, and Rabinovich [3] proved a more general result: they studied cardinality
quantifiers ∃≥κX .ϕ (⃗Y ,X), stating that there are at least κ distinct sets X satisfying ϕ (⃗Y ,X), and showed
that these quantifiers can be expressed in the standard syntax of MSO; thus the extended theory remains
decidable.

In the present work, instead of asking how many sets X witness to the formula ∃X .ϕ (⃗Y ,X), we ask
how complex these witnesses must be in terms of their depth-and-branching structure. A set X of nodes
of a tree is well-founded if it contains no infinite chain with respect to the descendant order. Recall that an
ordinal η can be seen as the linearly ordered set of all ordinals smaller than η . Given a set X , a counting
function is a function C : X → η such that C(u)< C(v) whenever u ∈ X is a proper descendant of v ∈ X
(such a function exists for some η whenever X is well-founded). The rank of a well-founded set X is the
least ordinal η for which a counting function from X to η exists. Intuitively, the smaller rank(X), the
simpler the set X is, in terms of its branching structure.

We consider formulae of the form ∃X .ϕ (⃗Y ,X), where ϕ is an arbitrary formula of MSO (it may
contain quantifiers). We assume that, whenever the formula is satisfied for some valuation of variables
Y⃗ , the value of X witnessing the formula is a well-founded set. Note that well-foundedness of a set is
expressible in MSO (it suffices to say that each branch contains only finitely many nodes in X), hence the
requirement can be expressed within ϕ . For a fixed formula as above, we search for a minimal ordinal
rank(ϕ), such that the rank of a witness can be bounded by rank(ϕ),

rank(ϕ) def
= sup

Y⃗
min

X
rank(X), (1)

where Y⃗ and X range, as expected, over the values satisfying ϕ (⃗Y ,X).
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Since rank(ϕ) is a supremum of countable ordinals, its value is at most ω1 (the least uncountable
ordinal). This value can be achieved, for example, by the formula “X = Y and Y is a well-founded set”,
as there are well-founded sets of arbitrarily large countable ranks. On the other hand, for each pair of
natural numbers (k, l), one can construct a formula ϕ with rank(ϕ) = ω ·k+ l in an analogous way to the
µ-calculus formulae of Czarnecki [12]. Our main theorem for MSO (which implies Theorem 1) shows
that no other ordinals can be obtained:
Theorem 2. For any formula ∃X .ϕ (⃗Y ,X) as above, the ordinal rank(ϕ) is either strictly smaller than
ω2 or equal to ω1. Moreover, it can be effectively decided which of the cases holds. In the former case,
it is possible to compute a number N ∈ N such that rank(ϕ)< ω ·N.

We also show that, in contrast to the aforementioned cardinality quantifiers, the property that rank(X)
is smaller than ω2 cannot be expressed directly in MSO.

The proof of Theorem 2 develops the game-based technique used previously to characterise certain
properties of MSO-definable tree languages (see e.g. [9, 24]). Each application of this technique requires
a specific game, designed in a way which reflects the studied property. The game should have a finite
arena and be played between two perfectly-informed players ∃ and ∀. The winning condition of the
game is given by a certain ω-regular set. Then, the seminal result of Büchi and Landweber [8] yields
that the game is determined and the winner of this game can be effectively decided. The construction
of the game is such that a winning strategy of each of the players provides a witness of either of the
considered possibilities; in our case: if ∃ wins then rank(ϕ) = ω1 and if ∀ wins then rank(ϕ)< ω ·N for
some computable N. The heart of this approach lies in a proper definition of the game, so that both these
implications actually hold.

Similar dichotomies have been discovered in the studies of decision problems related to topological
complexity of MSO-definable tree languages. An open problem related to the aforementioned question
of definability with finite-set quantifiers, is whether we can decide if a tree language belongs to the
Borel hierarchy (in general, it needs not). A positive answer is known if a tree language is given by
a deterministic parity automaton [18], based on the following dichotomy: such a language is either
Π1

1-complete (very hard), or on the level Π0
3 (relatively low) of the Borel hierarchy. Skrzypczak and

Walukiewicz [24] gave a proof in the case when a tree language is given by a non-deterministic Büchi tree
automaton, inspired by a rank-related dichotomy conjectured in the previous work of the first author [23,
Conjecture 4.4]. There, an ordinal has been associated with each Büchi tree automaton, and it turns out
(in view of [24]) that this ordinal either equals ω1 or is smaller than ω2, in which case the tree language
is Borel. It should be mentioned that a procedure to decide whether a Büchi definable tree language is
weakly definable (without the topological counterpart) was given earlier by Colcombet et al. [10].
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