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Higher-order recursion schemes (HORS) are a formalism based on the A-calculus for describing
infinite trees; their study has been motivated by model-checking recursive functional programs. We
investigate the expressive power of HORS subject to an affine typing discipline — more precisely, we
revisit Clairambault and Murawski’s multiplicative-additive HORS. Our contrasting results, which
focus on understanding the expressiveness afforded by the use of the additive conjunction of linear
logic, are:

» Every MAHORS with a multiplicatively typed tree alphabet generates a regular tree, i.e. is
equivalent to some order-0 HORS. This generalizes a theorem of Clairambault and Murawski
concerning multiplicative HORS, by allowing the types of non-terminals to contain additives.
Unlike their proof, ours is purely syntactic and does not involve an automaton model.

* There is some MAHORS with an additively typed alphabet that is not equivalent to any safe
HORS (in fact, it generates a known example of unsafe tree, related to Urzyczyn’s language).

1 Introduction

This paper is about possibly infinite trees defined by recursive systems of equations. By trees, we mean
ranked trees with node labels in a ranked alphabet — in the case of finite trees, these are the same thing
as first-order terms over a signature of function symbols. Here is an infinite example over the alphabet
{a:2,b:1, c:0} (where, following a functional programming convention, a(x,y) is written as axy):
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In general, the trees generated by systems of equations of the form “non-terminal symbol = first-order
term over alphabet and non-terminals” are precisely the regular trees, i.e. those that have finitely many
subtrees up to isomorphism (in the above example: Ni, N», N3 and c¢). Some non-regular trees can be
defined using equations that involve non-terminals with higher-order types (built from a base type o of
trees). In these higher-order recursion schemes (HORS, see e.g. [[CS21]]), the right-hand side of equations
are simply typed A-terms rather than first-order terms. A standard example is:

© L. T. D. Nguyén
This work is licensed under the
Creative Commons Attribution License.

Submitted to:
FICS 2026


https://creativecommons.org
https://creativecommons.org/licenses/by/4.0/

2 On the power of additive branching in affine higher-order recursion schemes

/

c Ny =Nyc:o0

\a
b/ \a Ny, = Ax.ax (N, (bx)):0— o0

c

b
|
b
c

In the past two decades, the study of HORS has been mainly motivated by the decidability of the
monadic second-order (MSO) theory of the trees that they generate [OngO6]E] This has led to the
higher-order model checking approach to automated verification for functional programming languages
(cf. e.g. [Kob19]): to check a property of interest of the program, express it as an MSO property of the
tree defined by some HORS derived from the program.

Affine types, in the sense of linear logic, turn out to be useful to analyse the complexity of higher-
order model checking [CGM17]: the idea is that affine functions, which can “use their argument at mostE]
once”, are less costly to handle in model-checking algorithms than unrestricted functions. This has led
Clairambault and Murawski to study the case where all functions are required to be affine [CM19].

A key point in [CM19] is the difference between the multiplicative conjunction A ® B and the additive
conjunction A & B of linear logic (that is, the two pair types, via the proofs-as-programs correspondence).
Their standard introduction rules are, respectively:

I'FA AFB I'FA T'HB
INAFA®B I'FA&B

Intuitively, the first rule says that the resources required to build A ® B are a disjoint sum of the resources
required for A and those for B. On the other hand, the resources used to build A & B are used jointly by
both sides of the pair, and this counts as a single use in the eyes of the type system: morally, having an
A & B is a superposition between having an A and having a B, but not both at the same time.

The affine type system of [CM19] contains ‘&’ but not ‘®’EI That said, it has a function arrow ‘—o’;
and in linear logic, (A ® B) —o C is isomorphic to A —o B —o C. Now, observe in the above example of
HORS that the letter a of rank 2 in the tree alphabet is encoded as a simply typed constanta : 0 — o0 — o.
There are two possible affine versions of this type:

a: o —o 0 —o o (multiplicative) a: (o0& o) —o o (additive)

The above example of HORS can be typed with the additive version, by taking N, = Ax.a (x, N (bx))
— since the two occurrences of x are on two sides of an additive pair (—, —), they count as a single use.
From the point of view of typing, a tree encoded with an additively typed alphabet may be thought as a
superposition of its branches: when building this tree, the affineness restriction applies branchwise.
Clairambault and Murawski [[CM19] then distinguish two classes of affine recursion schemes:

I'This decidability theorem has many different proofs, mentioned for instance in the introduction to [Par21]]. In particular,
see [Grel6l Mell7] for a proof based on a denotational semantics coming from linear logic.

2 A linear function would use its argument exactly once.

30ne motivation for excluding both the multiplicative conjunction ® and the additive disjunction & is that their elimination
rules involve some complications, as often happens for positive connectives in natural deduction / A-calculus.
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* Multiplicative HORS cannot use ‘&’ anywhere in the typing of their A-terms. Necessarily, the
alphabet must then be typed multiplicatively.

* Multiplicative-Additive HORS — abbreviated as MAHORS — are allowed to use both ‘—’ and
‘&’. Each letter in the tree alphabet can be typed either multiplicatively or additively, though one
never loses any expressive power by opting for the latter. (Indeed, for a : (0 & 0) — o, one can use
Ax.Ay.a{x,y) : 0 —o 0 —o 0 as a multiplicative version of a.)

Contribution 1: MAHORS with multiplicative alphabet. Clairambault and Murawski have shown
that multiplicative HORS can only define regular trees [CM19, Section 7]. We prove that allowing
additives without using them for the tree alphabet does not increase the expressive power:

Theorem 1.1 (proved in §3). All MAHORS with multiplicatively typed alphabets generate regular trees.

Our proof only involves elementary syntactic manipulations on A-terms, drawing inspiration from
order reduction on linear higher-order tree transducers [GLS20, Section 3]. By contrast, the original
arguments of [CM19, §7] combine a translation to linear pushdown automata with a reachability analysis;
it is not clear whether these arguments could be adapted to prove Theorem [I.1]

Contribution 2: an intrinsically unsafe MAHORS. A historically important syntactic restriction on
HORS is safety. It was introducecﬂ by Knapkik, Niwiniski and Urzyczyn [KNUOQ2], who proved the
decidability of MSO in this special case, and connected safe HORS to a natural automaton model.
While Clairambault and Murawski do not explicitly look at safety, they provide an example of a
HORS that is not equivalent to any MAHORS [CM19, Example 11] — and one can check from the
definitions that this example is safe. Conversely, is there some MAHORS that is not equivalent to any
safe HORS? We provide an affirmative answer:
Theorem 1.2 (proved in §4). There is a MAHORS generating the intrinsically unsafe tree from [Par20].

Of course, this MAHORS uses an additively typed alphabet. According to Theorem [T} this has to
be the case, since all regular trees can be generated by safe schemes.

Warning. While the arguments sketched in this paper should be convincing enough to experts, they
are not yet fully detailed and rigorous, due both to the deadline and the page limit. The missing details
will be filled in the upcoming version submitted for the post-proceedings.

2 Definitions

Affine A-calculus. The grammars of types and terms are
AB:=0|A—B|A&B tauz=x|al|Ax.t|tul|{t,u) | mt|mt

where x,y,... are affine variables and a,b,... are reusable constants. Typing judgments have the form
O | AFt: A where O (resp. A) lists the constants (resp. variables) with their types. The typing rules are
the usual ones, cf. e.g. [CM19, Figure 1]; in particular, all rules handle ® additively.

“4In fact, the safety restriction is already implicit in the “derived types” that appear in the works of the 1980s on higher-
order grammars [Dam82| and higher-order tree transducers [EV88|] — for the relationship with the modern notion of safety, see
e.g. [Par18]. Both [Dam82| [EV88]| include an equivalence with some kind of higher-order pushdown automaton, as in [KNU02].
There are also later characterisations of the trees generated by safe HORS using iterated graph transformations [Cau02}ICWO03],
which are analogous to the decomposition of safe transducers into a sequence of macro tree transducers [EV88l| Theorem 8.1].
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Alphabets. A ranked alphabet is a finite set X endowed with a rank (or arity) map rk: ¥ — N. We have
seen examples of possibly infinite trees over ranked alphabets in the introduction.
The alphabet ¥ may be represented by either multiplicatively typed or additively typed constants:

Y¥={a:p—---—00-—o0|acl} ¢ ={a:(0& --&0) —oo0|ack}
~—_— ————

rk(a) times rk(a) times

Recursion schemes. A MAHORS consists of a ranked alphabet X, a finite set of typed non-terminals
{Ni:Ay,...,N,:A,}, and a list of equations N; = #; with (2% or £%), N : Ay, ..., N, : A, | O Ft; 1 A; —
the choice of ¥ vs £ should be consistent for all i € {1,...,n}.

It gives rise to a notion of Bohm tree for any term u with T&Or@ N AL ..., Ny A, | Ak u: B. More
specifically, we take the definition of typed n—lonéf] Bohm trees with pairs from [CGM17, Section 2.2.2],
replacing the fixpoint unfolding rule —5 by the rules N; —5 #; for non-terminals. In particular, when
A = @ and B = o, the B6hm tree of u represents an infinite ranked tree over the alphabet XU {L : 0},
with the symbol L indicating a diverging sub-computation.

We furthermore assume A; = o, and we say that the infinite ranked tree represented by the Bohm tree
of the starting symbol N is the tree generated by the recursion scheme.

Remark 2.1. Our definition of MAHORS is less restrictive than in [CM19] since we do not require
the As in 7; to be prenex. This makes no difference regarding the expressive power. (For instance, the
translation to the equivalent A£Y-calculus given in [CGM17, Section 3.2.1] does not require prenex As;
alternatively, one can directly convert to an MAHORS in prenex form by introducing new non-terminals
for inner A-abstractions, a form of “defunctionalisation”.)

Remark 2.2. We will also define recursion schemes recognising some word languages in Section [4.1]

3 MAHORS with multiplicative alphabet

3.1 Finiteness properties of normal affine A-terms (unrelated to recursion schemes)

To prove Theorem [1.1} we start by some properties of independent interest. Let #:(A) be the number
of occurrences of the connective ® € {—o, &} in the type A. For a context A = x| : Ay, ..., X, : Ay,
we write #5,(A) = #¢(A1) + - +#(A,). We also use the notations # () and #, (¢) for the number of
occurrences of additive pairs and A-abstractions in a term ¢, respectively.

Lemma 3.1. Fort in normal form with ® | A=t : A and #g(©) = 0, we have #,(t) < 2He(B)He(A)

Proof idea. To use the assumption that 7 is normal, we leverage a direct mutually inductive description
of norMal and Neutral terms in presence of pair types (see e.g. [Fio22, Proposition 7]):

M:=Ax.M|M,M)|N N:u=x|a|NM|mN

where x ranges over variables and a ranges over constants. We then reason by structural induction. For
neutral terms N with ® | A"= N : A’, our induction hypothesis is that #,,(N) < 2#e(N)—#e(4) _ 1 _ note
the minus sign in the exponent! The case N = a uses the assumption #g (@) = 0. O

We now assume that the constants are taken in @ = X% for some fixed ranked alphabet X.

SThese are not Nakajima trees (or similar) because the types bound the amount of 1-expansion.
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Lemma 3.2. Fort in normal form with 2% | A1 : A, we have #,, () < (#_(A) +# o (A)) x 2Fe &)+ (1),
Furthermore, the number of variable occurrences of t is also bounded by a function of A and A.

Proof idea. The bound on #, (t) can be established by structural induction, similarly to the previous
lemma. To perform this induction, it is best to distinguish between neutrals with a head variable and
neutrals with a head constant. In the latter case, i.e. t = aM; ... M, the total number of occurrences of
—o in the typing judgments for M, ..., M, is at most #_,(A) +#_,(A) thanks to the fact that the constant
a € X2 has a type of the form 0 —o -+ —o 0 —o 0. Indeed, with a higher-order constant £ : (0 — 0) — 0
one could build terms such as £ (Ax;. 0 (Axy. 0 (... (Axp.x;)...))).

As for the bound on variable occurrences, it reduces to those on # () and #y, (¢), thanks the following
affineness property: if we rewrite ¢ by replacing each additive pair by one of its components, then in the
resulting untyped term, each free variable from A appears at most once, and each A-abstraction binds at

most one variable occurrence. O

3.2 A purely syntactic proof of Theorem (1.1

Let us now fix a MAHORS with multiplicatively typed alphabet, given by the non-terminals N; : A; with
the equations N; =¢; for i = 1,...,n, following the notations of Section [2| By reasoning on the finite
approximants of these Bohm trees, the lemmas from the previous subsection give us:

Lemma 3.3. The Béhm tree of any term u with X°, Ny : Ay, ..., Ny : A, | A&F u: B has finitely many
pairs, A-abstractions and variable occurrences.

Now, let us hereditarily head-normalize some N; in a “breadth-first” fashion. Thanks to this lemma,
we will get N; —* ¢/ (in finite time) such that “every variable occurrence, A and (—, —) is already in its
eventual right place in the Bohm tree”. That is, 7/ admits a decomposition #/ = u;[v; 1 /x1,vi2/X2,...] such
that the A L -term u;[L /x;, L /xy,...] is an approximant of the Bohm tree of N; that contains all variable
occurrences, As and (—,—)s in that Bohm tree. Note that approximants are A | -terms in normal form,
with constants from X% but without non-terminals. Thus, u; is in normal form and non-terminal-free.

Meanwhile, each v; ; is an affine A-term with potentially both constants and non-terminals, but whose
Bohm tree cannot contain any variable,ﬂ A or (—,—). This has two consequences:

* such a Bohm tree must have type o (because we work with n-long Béhm trees), so v; ; : 0;

* by substituting all free variables in v; ; by terms built using A-abstractions, pairs and a new symbol
Q: 0 —to be used later as a non-terminal — we get a closed term ¥; ; : o with the same Bohm tree.

Each 7; ; either head-normalizes (perhaps in O steps) to some term v; ; which starts with a head constant,
or diverges non-productively; in that second case, we take v} ;= Q. We can now define a new MAHORS
using the non-terminals S (start symbol), N/ ;and Q:

S=u [Ny /x1,...] N} ;=i j[(ui[Ny g /x1,...]) /Ny, (w2[N3 y /1, ]) /Nas -] Q=Q

This new recursion scheme is designed to be equivalent to the original one. Since the left-hand side of the
Nl’ j tule has a head constant whenever ¥; ; does not diverge non-productively, the recursion is productive
when it should be. Finally, all non-terminals have type o, so the new HORS generates a regular tree —
which finishes the proof of Theorem [I.1]

Note that v; j may contain variable occurrences that are “lost” by being “sent to infinity” during the reduction. This is one
reason we prefer to work with affine types than linear types. See the recent “Ohana trees” [CMS2J] for another take on this
phenomenon in an untyped and relevant (as in relevance logic) setting.
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4 An intrinsically unsafe MAHORS

The main example tree that separates safe and unsafe HORS, due to Parys [Par20], is best presented by
taking a detour through word languages. It is a variant of an earlier example, attributed to Urzyczyn, of
an unsafe scheme that was conjectured not to be equivalent to any safe scheme [KNUO02, Example in §3].
While the HORS given in [KNUO02] is somewhat enigmatic, its true explanation (found in later sources,
e.g. [CS21) p. 1312]) was in terms of a word language.

We begin with a few general considerations on recognising (some) word languages with (MA)HORS,
before looking at the intrinsically unsafe language that we are interested in.

4.1 HORS recognising prefix codes

Let I" be a finite alphabet (without arities). We call a language L C I'* a precode when no word in L has
a strict prefix in L. (When L ¢ {&,{€}}, we get the standard notion of prefix code [BPR10, Chapter 3],
which our terminology alludes to.) We present a notion of MAHORS serving as recognisers of precodes,
which is a variant of the “labelled recursion schemes” from [[CS21]].

Definition 4.1. A precode-recognising MAHORS over I consists of n € N and, for each i < n,
* a typed non-terminal N; : A; whose type has the form A; = B; —o - -+ —o By, — 0, and
* either arule Njxj ...x;, —t;suchthat T :o, Nyt Ay, ..., Nyt Ay |x1 By, ..., Xy, : B, Ftito,

* or (exclusive) some labelled rules N;xp ... xy, R ti.y such that #; , satisfies the same typing judgment
as t; in the previous item, with at most one such rule for each y € T".

This defines a labelled head reduction relation on the terms u such that T : 0, N; 1 Ay, ... | @ u: o,
by combining head f-reduction (which is silent, i.e. labelled by the empty word) with the rules for non-
terminals in head position. The language recognised by the MAHORS is the set of accepted words,
which are the labels of reduction sequences from Nj to T.

Example 4.2. The following MAHORS recognises words of the form (w) where w € {(,)}* is well-
bracketed — the terms reached by head reduction are of the form N (N (... T)...), corresponding to the
stack of the usual pushdown automaton for this language:

S:o SLNT N:o—oo NxL>N(Nx) NxLx

Remark 4.3. If T : 0, Ny : Ay, ... | @ F u: o then either u is normal, or there is a single head reduction
for u which is silent, or all head reductions are labelled by letters and for each letter there is at most
one. This is a form of determinism of the recognition process. Since T is normal, this entails that the
language recognised by a recursion scheme (according to our definition) is a precode.

We now explain how to relate certain ranked trees to precodes.

Definition 4.4. Let I' = {7;,...,¥r}* be an ordered alphabet and T be a tree over the ranked alphabet
{e:|[|, T:0, L:0}. Each edge of T (if there is any) connects some node e to one of its children; let
us label it by ¥; if it goes to the i-th child. The branch language £ (T) C I'* consists of the labels of the
paths from the root of T to its T-labeled leaves; it is a precode.

Claim 4.5. From any MAHORS recognising a precode L C 1™, one can build a MAHORS using the
additively typed constants {e : ||, T : 0}* that generates a tree T such that £ (T) = L. (Note that | : 0
may also appear in T, as the leaf symbol indicating a divergence in the Bohm tree computation.)
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Proof. Here is one construction. Let N; : Bj —o --- —o By, —o o for i € {1,...,n} be the non-terminals of
the precode-recognising MAHORS. We take the same non-terminals, plus Q : o, for the new MAHORS.

* First, we have the equation Q = Q.

* If there is a silent rule N;x; ... xy, — ¢; in the precode-recognising MAHORS, we put an equation
N; = Axj. ... Axy,.t; in the tree-generating MAHORS.

* Otherwise, we take N; = Axj.... Axy,. ® (tiy,, ..., iy ) With the convention that 7;, = Q when
there is no y-labeled rule for N;. The use of an additive tuple and the typing e : (0 & --- & 0) — 0
are crucial: by definition, all the terms ¢; , separately satisfy the same typing judgment. O

Remark 4.6. While it would seem that Example [4.2] uses only multiplicative connectives at first glance,
applying the above construction leads to N = Ax. e (N (N x), x) which involves an additive pair. This is
again an example of the contrapositive of Theorem [[.T} well-bracketed words with no well-bracketed
prefixes form a non-regular language, which therefore cannot be the branch language of a regular tree.
Let U be the language introduced by Parys in [Par20, Section 4]. From its definition, given in the
next subsection, one can check that it is a prefix code: it contains words of the form w#" where n > 1 is
determined by the #-free prefix w.
Theorem 4.7 (variant of [Par20, Theorem 1.1]). There is no tree over {®, T, L} generated by any safe
HORS whose branch language is U.

Proof. Suppose that T were such a tree. Then according to [KNUO02, Theorem 5.3], the safe HORS gen-
erating 7" could be translated to a tree-generating higher-order pushdown automaton (HOPDA). In turn,
this device could be turned into a deterministic HOPDA that accepts the word language U = .Z(T), by
adapting arguments from [Par20, Section 3] to our definition of branch language. This would contradict
the result that U cannot be recognised by a deterministic HOPDA [Par20, Theorem 1.2]. O

Thus, to prove Theorem [I.2] it suffices to exhibit a MAHORS that recognises U.

4.2 The prefix code U and a MAHORS that recognises it

Let us say that a word in {(,),x}* is well-bracketed when the parentheses match ignoring the stars. That
is, the set of well-bracketed words is the preimage of the Dyck language by the morphism that erases xs.

Definition 4.8 ([Par20, §4]). U = {w#@s+1 |y € [()) x}*} where:

* if wis a prefix of a well-bracketed word (i.e. has no unmatched closed parenthesis), but is not itself
well-bracketed, then stars(w) is the number of xs before the last unmatched open parenthesis in w;

o otherwise, stars(w) = 0.

Adapting Carayol and Serre’s presentation [CS21, p. 1312] of Urzyczyn’s precursor to the language U,
we give an ad-hoc labelled transition system that recognises U.

Claim 4.9. In the following LTS over {Z,X } U(N* x N)UN, the language of paths from Z to T is U.

z-0,0 OB T (e By n+1Ba 0T

[In)Lx X

(or) orx

X X557 (..o S (.. ondn+ 1)

(s snd ) S (1, ocnenln) ([, eesnesnealsn) 2 ([, ond,n)

Furthemore, every state of the form ([n,...,n¢],n) reachable from Z satisfiesn; < --- < ny < n.
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Idea. The states of the form ([n1,...,n/|,n) represent the situation where:
* the input prefix read until now has 7 stars and is a prefix of some well-bracketed word;

* there are £ unmatched open parentheses, and the i-th one has »; stars to its left. O

We would now like to design a precode-recognising MAHORS that somehow simulates this LTS. The
HORS for Urzyczyn’s language from [CS21]] can be adapted to an HORS for U, but it does not seem to
lend itself to being affinely typed. Instead we use a trick that somehow works: our MAHORS “stores”
the difference n — ny, i.e. the number of stars seen since the last unmatched open parenthesis.

Using a non-terminal S : 0 —o 0, we encode each natural number m as the termm = Ax. S (... (Sx)...)
(where m occurs S times) of type 0 —o 0. Note that mon =g m+n where fog = Ax. f(gx). States of
the LTS in N are encodedasm=m T : o.

To encode states in N* x N, we introduce the non-terminals F : (((0 — 0) — 0)&0) — (0 —0) — 0
and G : (0 — 0) — 0. We take ([n1,...,n],n) = [ni1,...,n¢] (n—ny) : o, with the convention ng = 0
(reused below in the subexpression ny | — ny) where, inductively,
=G 1y ne] =F (Ah. [ny,...,ng] (nge1 —ng) oh), igsq)

This encoding of [ny,...,n/] is redundant: it stores both ny, . ..,n, and their successive differences, taking
advantage of the monotonicity of the list.

Claim 4.10. The language U is recognised by the following MAHORS, whose non-terminals are S, F,G
typed as above and Z,X : o, with starting symbol Z (and where we use the abbreviation [ = Ax.x):

Z—GI Sx X x
GriT Fpfimp
Gf5 G(Sof) Fpf S Fp(Sof)
Gfhx Fpf (mp)f
Gf S F(ARG(foh), fT)I FpfSFORFp(foh), f(mp)I
x5HT XL X forye{(,),*}

Proof idea. One can check that it simulates the above LTS for U, modulo -conversions. For example:

([n1,...,ne1]yn) =F (Ah. [n1,...,n0) (ngr1 —ng) oh), igr1) (n—ngyq)

RRpS (Ah.[ny,....ng) ((ngy1 —ng)oh), ag1) (n—nesq)

=B [I’l],...,n[] ((néJrl —I’lg)O(l’l—l’lg+1))
=g [n1,...,ng] (ngg1 —ng+n—ngyy)

(To be fully rigorous, we would need to show that allowing these silent -conversions — which are not
always in head position — in an accepting run does not change the recognised language.) O

Acknowledgments. Thanks to Alixel Bagnis and Nathan Lhote for their collaboration (not covered
here) on an alternative approach to Theorem [[.2] based on tree stack automata; and thanks to Pierre
Clairambault, Thomas Colcombet, Axel Kerinec and Vincent Moreau for discussions on MAHORS.
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