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For a calculus of nested inductive definitions, interpreted over posets using least prefixpoints, we see
how to regard the semantics of closed terms as a single mutually inductive definition.

By duality, the same result applies to a calculus of nested coinductive definitions.

1 Introduction

The purpose of this work is to investigate “global flattening”: a rather simple property of nested fixpoint
calculations that appears not to have been previously noted in the literature. The property says that,
for a calculus of inductive definitions, the semantics of closed terms can be given by a single mutually
inductive definition.

In this short abstract, we shall treat only posets, omitting the categorical version, in which least
prefixpoints are replaced by initial algebras.

We first recall some standard notions of fixpoint theory in Section 2, and then explain the idea via
an example calculus in Section 3. Our general result is stated and proved in Section 4, and Section 6
considers coinductive definitions.

2 Order-theoretic preliminaries

For any set A and endofunction f : A → A, an element x∈A is f -fixed or an f -fixpoint when f (x) = x.
We may omit f when the context makes it clear.

For any poset A and endofunction f that is monotone (i.e. order-preserving), an element x∈A is
f -prefixed or an f -prefixpoint when f (x)⩽ x, and dually f -postfixed or an f -postfixpoint when x ⩽ f (x).
1 Thus being fixed is equivalent to being both prefixed and postfixed. Any supremum of prefixpoints is
prefixed, and dually any infimum of postfixpoints is postfixed.

The least f -prefixpoint, if it exists, is written µ f and said to be “inductively defined”. It is necessarily
a fixpoint—this is called the “inductive inversion principle”. Dually the greatest postfixpoint, if it exists,
is necessarily a fixpoint; it is written ν f and said to be “coinductively defined”.

An ω-cpo is a poset where every ω-chain x0 ⩽ x1 ⩽ · · · has a supremum. A map between ω-cpos is
ω-continuous when it is monotone and preserves all these suprema.

An ω-cppo is an ω-cpo with a least element, written ⊥. On an ω-cppo A, every ω-continuous
endofunction f has a least prefixpoint, given by µ f =

∨
n∈N f n(⊥).

There are other well-known ways to ensure that µ f exists. For example, given a monotone endo-
function f on a complete lattice, we obtain µ f as the infimum of all prefixpoints, and dually ν f as the
supremum of all postfixpoints. (This is a version of Tarski’s fixpoint theorem.)

1This terminology follows [6]. Some authors use the opposite terminology, following [5].
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3 Example calculus

We illustrate global flattening by taking a (somewhat arbitrary) example of an ω-cppo equipped with two
elements and an ω-continuous binary operation. The ω-cppo is actually a complete lattice: it is PN,
ordered by inclusion. The two elements are the set of all even natural numbers, written Even, and the set
of all primes, written Prime. The binary operation ∗ is given by

A∗B def
= {x2 +3xyz+51 | x,y∈A,z∈B}

Now let us formulate a calculus. The syntax is given by

M def
= Even | Prime | M ∗N | x | µx.M

where x ranges over variables. As usual, we write Γ ⊢ M, where Γ is a context (repetition-free list
of variables), to say that M is a term whose free variables all appear in Γ. This judgement is defined
inductively in the usual way. We identify α-equivalent terms, i.e. terms that have the same operation
symbols, variables and binding structure but may differ in the choice of bound variables. We write
Closed for the set of all closed terms.

The semantics of the calculus is organized as follows. Firstly, for a context Γ, a Γ-environment ρ

provides for each variable x∈Γ an element ρx ∈PN, and we write [[Γ]] for the set of all such. Each term
Γ ⊢ M will denote an ω-continuous function from [[Γ]] to PN, written [[Γ ⊢ M]], or [[M]] for short. These
denotations are defined by recursion on the judgement Γ ⊢ M in the usual way, and we then formulate
and prove the substitution lemma in the usual way. Details are in Section 4.

Writing ε for the empty environment, we now see that each closed term M∈Closed has a denotation
[[M]]ε ∈ PN. So we have an element ([[M]]ε)M∈Closed of the complete lattice (PN)Closed, and our task
is to describe it as a least prefixpoint. Accordingly, we define the ω-continuous endofunction H on
(PN)Closed, sending d to the family

Even 7→ Even

Prime 7→ Prime

M ∗N 7→ d(M)∗d(N)

µx.M 7→ d(M[µx.M/x])

While ([[M]]ε)M∈Closed is easily seen to be H-fixed (via the substitution lemma), we shall show that it is
actually the least H-prefixpoint. We call such a result “global flattening” because all the nested inductive
definitions appearing in terms are replaced by a single mutually inductive definition, taken across all
closed terms.

4 The result for a many-sorted signature

In Section 3, our calculus had two constant symbols and one binary operation symbol. To generalize
this, recall that a single-sorted signature S = (Ar( f )) f∈Op is a set Op of operation symbols, where each
f ∈Op is equipped with a set called its arity, written Ar( f ).

More generally still, let T be a set of sorts. Then a T -sorted signature S = ( f : (Ini
f )i∈Ar( f ) →

Out f ) f∈Op is a set Op of operation symbols, where each f ∈Op is equipped with an indexed family of
sorts (Ini

f )i∈Ar( f ) and a sort Out f . The pair (T,S ) is called a many-sorted signature, and will be fixed
for the rest of the paper.
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Now we define the calculus. A context Γ is a list of declarations x : A, where A is a sort, with no
variable appearing more than once. Our typing judgement is Γ ⊢ M : B, where Γ is a context and B a sort.
The typing rules are as follows. For each operation symbol f of arity I, we still have the rule

(Γ ⊢ Mi : Ai)i∈I
f : (Ai)i∈I → B

Γ ⊢ f (Mi)i∈I : B

For each sort A we have the following rules:

(x : A) ∈ Γ
Γ ⊢ x : A

Γ,x : A ⊢ M : A

Γ ⊢ µx.M : A

For posets A and B, a partial monotone function f : A⇀B is a partial function that is monotone on its
domain. A partial element of a poset A is either an element or undefined. Here are some constructions:

• Given a partial function f : ∏i∈I Ai ⇀ B and partial element x of Ai for all i∈ I, we obtain a partial
element f (xi)i∈I of B. It is undefined when either the family (xi)i∈I is not total, or it is total but not
in dom( f ).

• Given partial monotone endofunction f on a poset A, we obtain a partial element µ f . It is unde-
fined when either f is not total or it is total but has no least prefixpoint.

An interpretation for (T,S ) associates to each sort A a poset [[A]], and to each operation symbol
f a (total) monotone function f : ∏i∈Ar( f )[[In

i
f ]] → [[Out f ]]. Such an interpretation yields a semantics

of the calculus in the usual way. Firstly, for a context Γ, we write [[Γ]]
def
= ∏(x:A)∈Γ[[A]] for the set of all

Γ-environments. Each term Γ ⊢ M : A will denote a partial monotone function [[M]] : [[Γ]] → [[A]], and
these denotations are defined recursively as follows:

[[ f (Mi)i∈I]] : ρ 7→ f ([[Mi]]ρ)i∈I

[[x]] : ρ 7→ ρx

[[µx.M]] : ρ 7→ µa. [[M]](ρ,x 7→ a)

A closed term M is semantically defined when [[M]]ε is defined.
For contexts Γ and ∆, a substitution k : Γ → ∆ sends each variable (x : A) ∈ Γ to a term ∆ ⊢ kx : A.

Given this and a term Γ ⊢ M : B, we obtain the term ∆ ⊢ M[k] : A from M by replacing each variable
x by kx. The substitution lemma says that the partial function [[M[k]]] extends the partial function ρ 7→
[[M]](x 7→ [[kx]]ρ). This is proved using a renaming lemma.

A set L of closed terms is closed2 when
• f (Mi)i∈I ∈ L and i∈ I implies Mi ∈ L

• µx.M ∈ L implies M[µx.M/x] ∈ L .
For example, the set of all semantically defined closed terms. Now let L be any closed set of seman-
tically defined closed terms. Thus we have an element ([[M]]ε)M∈L of the poset ∏(M:A)∈L [[A]], and our
task is to describe it as a least prefixpoint. By analogy with Section 3, define the monotone endofunction
HL on ∏(M:A)∈L [[A]], sending d to the family

f (Mi)i∈I 7→ f (d(Mi))i∈I

µx.M 7→ d(M[µx.M/x])

Now we give our key result:
2Kozen [4] noted that this coincides with the Fischer-Ladner notion of closure [2] via the translation of PDL into µ-calculus.
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Theorem 1 (Global flattening). The family ([[M]]ε)M∈L is the least prefixpoint of HL .

Proof. The substitution lemma shows that the family ([[M]]ε)M∈L is HL -fixed, so it only remains to
prove leastness.

First we introduce some terminology. For any context Γ, say that a semantic Γ-environment is an
element of [[Γ]], and an L -syntactic Γ-environment sends each (x : A) ∈ Γ to a closed term σx ∈ L of
type A. Each element d∈∏(M:A)∈L [[A]] induces a map dΓ from L -syntactic to semantic Γ-environments,
sending σ to (d(σx))(x:A)∈Γ.

Let d be an HL -prefixpoint, which means that

f (d(Mi))i∈I ⩽ d( f (Mi)i∈I)

d(M[µx.M/x]) ⩽ d(µx.M)

We show inductively on the judgement Γ ⊢ M : B that, for every L -syntactic Γ-environment σ such that
M[σ ] ∈ L and [[M]]dΓ(σ) exists, we have

[[M]]dΓ(σ)⩽ d(M[σ ])

5 Nested mutually inductive definitions

So far, our calculus provides single inductive definitions but not inductively defined pairs or ω-sequences.
To incorporate these, suppose we have not only a many-sorted signature (T,S ) but also a set Cmpd of
compounds, where each compound r represents a family of sorts written Decode(r).

A typing context Γ now consists of declarations of the form x : r, where r is a compound. As before,
the typing judgement takes the form Γ ⊢ t : A, where A is a sort. The typing rules are as follows. For each
operation symbol f of arity I, we still have the rule

(Γ ⊢ Mi : Ai)i∈I
f : (Ai)i∈I → B

Γ ⊢ f (Mi)i∈I : B

For each compound r with Decode(r) = (Ai)i∈I and each ı̂∈ I, we have the rules

(x : r) ∈ Γ
Γ ⊢ x ı̂ : Aı̂

(Γ,x : r ⊢ Mi : Ai)i∈I

Γ ⊢ µx.(Mi)i∈I ı̂ : A

The semantics goes through as before, deeming wı̂ to be undefined whenever w is undefined.
Here are two cases of special interest.

• Let Cmpd be the set of sorts, each representing the singleton of itself. Then we simply obtain the
calculus of Section 4.

• Let Cmpd be the set of lists of sort, with each list A0, . . . ,An−1 representing the family (Ai)i<n.
Then we obtain the so-called “vectorial” calculus, allowing inductively defined n-tuples for n∈N
but not inductively defined ω-sequences.

To adapt the story from Section 4, we have to distinguish between two notions. A set of closed terms
L is closed when it has the following properties:

• f (Mi)i∈I ∈ L and i∈ I implies Mi ∈ L
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• µx.(Mi)i∈I ı̂ ∈ L implies that Mı̂[µx.M/x] ∈ L

It is laterally closed when it additionally satisfies the following:

• µx.(Mi)i∈I ı̂ ∈ L implies that, for all j∈ I, we have µx.(Mi)i∈I j ∈ L

It turns out that Theorem 1 holds for any laterally closed set L of semantically defined closed terms.
The proof is essentially unchanged.

6 Coinductive definitions

By duality, global flattening holds also for a calculus of nested coinductive definitions. However, it
remains to be seen whether it can be adapted to a mixed calculus of inductive and coinductive definitions.
For this purpose, the fixpoint construction given in [3] may be helpful.

7 Related work

Let us now look at some related results.
First is Bekić’s theorem, which expresses an inductively defined pair µ(x,y).( f (x,y),g(x,y)) in terms

of single inductive definitions. This generalizes to an inductive defined n-tuple, for any natural number
n. (However, it does not work for infinite collections.) So any term in the vectorial calculus can be
represented in the non-vectorial calculus. This is the opposite of flattening.

Next are results such as
µx.µy. f (x,y) = µz., f (z,z) (1)

These can be called “local flattening” results, as they apply to a single point in a term.
Lastly, we consider [1, Theorem 2.7.19], which gives (for any finitary signature) a normal form for

terms with k levels of alternation. The k = 1 case, in conjunction with the equation (1), says that any
term M with only µ’s can be reduced to a vectorial term of the form (µx.N)0. This is also a consequence
of Theorem 1, by taking L to be the least closed set containing M, which is finite.

Despite this point of similarity between the two lines of work, there are significant differences:

• Most importantly, [1, Theorem 2.7.19] treats terms that mix µ and ν , whereas our work does not.

• Our work allows infinitary operation symbols and infinite compounds, whereas [1] works in the
finitary setting.

• Our result gives the semantics of all closed terms via a single inductive definition, whereas [1,
Theorem 2.7.19] treats each closed term separately.

• Our Theorem 1 gives an explicit and simple description of the endofunction used, whereas in [1,
Theorem 2.7.19] the endofunction’s description is more complicated and relegated to the proof.
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