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The “traditional” line of work on infinitary rewriting is based on ordinal-indexed strongly convergent
rewriting sequences (i.e. rewriting sequences that do not only converge in the topological sense, but such
that in addition the computation steps occur deeper and deeper in the rewritten objects). A key property
of such rewriting systems is compression, that is, the fact that rewriting sequences of arbitrary ordinal
length can be compressed to sequences of length ω . For example consider the first-order rewriting rules
a −→1 f (g(a)) and g( f (x))−→2 f (x), then the (strongly converging) rewriting sequence

a −→1 f (g(a))−→∞
1 f (g( f (g(. . .))))−→2 f ( f (g(. . .)))−→∞

2 f ( f ( f (. . .)))

is of ordinal length ω ·2 but can be compressed by interleaving the rewriting steps:

a −→1 f (g(a))−→1 f (g( f (g(a))))−→2 f ( f (g(a)))−→∞
1,2 f ( f ( f (. . .))).

This example illustrates the key benefit of compression: in a strongly converging rewriting sequence of
length ω , finite approximations of the limit are computed in finite time (whereas in the example it takes
ω + 1 steps to produce the two outermost f ). This “approximation” or “continuity” property enjoyed
by rewriting sequences of length ω is at the heart of most practical motivations for the use of infinitary
rewriting. For example, in the infinitary λ-calculus, it is the reason why infinitary rewriting allows one
to provide an easy proof of the continuous approximation theorem [5], a result that is of paramount
importance for the classical study of the λ-calculus. To the best of our knowledge, compression lemmas
have been proved for three kinds of term rewriting systems: left-linear first-order rewriting [11, 12, 15,
8], infinitary λ-calculi [10, 1], and fully-extended, left-linear higher-order rewriting [13].

As an alternative to the traditional definition of infinite objects via ideal or metric completion, a more
recent and very fruitful line of work is based on the use of coinduction: the metric completion of any
algebraic type (e.g. a type of terms) can indeed be described as the corresponding coalgebraic type [2].
This coinductive reformulation has been in particular extensively conducted in the setting of infinitary
λ-calculi [9, 7, 6, 5]. However, a generic presentation of coinductive infinitary rewriting was designed
only recently by Endrullis, Hansen, Hendriks, Polonsky and Silva [8], even though solely for first-order
rewriting. In the present work, we propose a framework for describing arbitrary non-wellfounded objects
and rewriting systems acting on such objects, we extend the correspondence between topology-based
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and coinduction-based rewriting to this generic framework (section 1), and we provide a coinductive
characterisation of the compression property (section 2).

We also showcase one interesting application, namely compression of infinitary cut-elimination for
the non-wellfounded proof system µMALL∞ for multiplicative-additive linear logic with fixed points
(section 3). This compression result is particularly useful as it allows to prove cut-elimination of various
other systems (including the similar one for full linear logic, µLL∞) [16, 3]; and whereas µMALL∞ did
not fit the usual presentation of infinitary rewriting, our framework is generic enough to encompass it.

These achievements unify and complete several threads of the literature and are meant to provide a
reasonable level of generality for future investigations into coinductive infinitary rewriting. This is also
a first step towards developing non-wellfounded proof theory (especially of the system µLL∞ for linear
logic with fixed points) in a coinductive setting, which is our longer term goal: a result we typically aim
at is a fully coinductive proof of cut-elimination for µLL∞.

1 Infinitary rewriting of arbitrary non-wellfounded derivations

We introduce a description of rewriting for arbitrary non-wellfounded derivations. To build the latter,
we first fix a set S of statements. It is typically an inductively defined set using the singleton type,
one or more alphabets, as well as tuples, lists, multisets, etc. For instance one could consider the set of
two-sided sequents in a given logic, encoded as the set of pairs of lists of formulæ.

Definition 1. A derivation rule (r) is given by (i) its arity ar(r) ∈ N, (ii) a partial function r : S ar(r) ⇀S
mapping its premisses to its conclusion, (iii) a map coindr : [1,ar(r)]→{0,1} indicating the (co)inductive
behaviour of each premiss. It is represented as follows:

S1 . . . Sar(r)
(r)

r(S1, . . . ,Sar(r))
(1)

where the dashed line under Si represents a full line whenever coindr(i) = 1, and an absence of line
otherwise. (When we apply such a rule r to some arguments we implicitly suppose that they belong to
its domain of definition.) We denote by DT∞

D the set of all (non-wellfounded) derivation trees generated
by a family D of derivation rules such that all infinite branches cross infinitely many double lines (i.e.
coinductive premisses).

Example 2. 1. Pre-proofs in your favourite non-wellfounded proof system, e.g. for some logics with
fixed points, can be presented as such a set DT∞

D .

2. The set T∞
Σ

of infinitary first-order terms [11] on the signature Σ, arity map ar and variables V , can
be seen as the derivation trees generated by S := {•} and DΣ :=

{
Varx : S 0 → S

∣∣ x ∈ V
}
∪{

Consc : S ar(c) → S
∣∣ c ∈ Σ

}
, together with coindConsc(i) := 1 for all c and i (i.e. all constructors

are translated into derivations rules whose premises are all underlined).

3. Similarly, abc-infinitary λ-terms [10] can be seen as the derivation trees generated by S :=
{•} and Dabc

Λ
:=

{
Varx : S 0 → S

∣∣ x ∈ V
}
∪{Absx : S → S | x ∈ V }∪

{
App : S 2 → S

}
, to-

gether with coindAbsx(1) := a, coindApp(1) := b and coindApp(2) := c (i.e. the booleans a, b and c
describe whether respectively λ-abstraction, left side and ride side of application act inductively
or coinductively).

By abuse of notation, we write s = r(s1, . . . ,sk) to express that (i) the last rule of s is (r), so that
there are statements S1, . . . ,Sk ∈ S such that s has conclusion r(S1, . . . ,Sk), (ii) each derivation si has
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conclusion Si and is the subtree rooted at the ith premiss of the concluding (r). Using this notation, a
more formal definition of the set DT∞

D can be given by the following coalgebra in the category of sets:

DT∞

D := νX1.µX0.
∏

r∈D

r
(
Xcoindr(1), . . . ,Xcoindr(ar(r))

)
.

This construction can also be performed in the category of nominal sets for handling α-equivalence of
terms [14, 4].

Definition 3. A set −→0 ⊆ DT∞

D ×DT∞

D of zero steps generates a relation −→ by the following set of
inductive rules:

si −→d s′i 1 ≤ i ≤ ar(r)

r(s1, . . . ,si, . . . ,sar(r))−→d+coindr(i) r(s1, . . . ,s′i, . . . ,sar(r))

where (only for the next few lines) we annotate −→ with the depth at which the rewriting step occurs.

The traditional way of defining infinitary rewriting [11] goes as follows: the set DT∞

D is equipped with
a metric d defined by d(s, t) := inf

{
2−d

∣∣ ⌊s⌋d = ⌊t⌋d

}
where ⌊s⌋d is the object obtained by pruning s

above d coinductive rules (i.e. double lines). Then given an ordinal γ , a rewriting sequence of length γ

from s0 to sγ is the data of derivation trees (sδ )δ≤γ together with rewriting steps (sδ −→dδ
sδ+1)δ<γ . It is

strongly converging if for all limit ordinal γ ′ ≤ γ , (i) limδ→γ ′ sδ = sγ ′ and (ii) limδ→γ ′ dδ = ∞. We write
s0 −→∞ sγ whenever there is a strongly converging rewriting sequence from s0 to sγ .

The following result extends (and slightly adapts) [8], where a similar characterisation is proved for
first-order rewriting.

Theorem 4. −→∞ is the union of all relations −⇁
γ

∞ (for ordinals γ < ω1) defined by the rule (split),
which is defined using auxiliary relations −⇁

γ

∞ defined by rules (liftr) (one for each r ∈ D), as follows:

s⇝⇝⇝⇝
γ,m

s′ s′ −⇁
γ

∞ t
(split)

s −→
γ

∞ t

s1 −→
γ

∞ s′1 . . . sar(r) −→γ
∞ s′ar(r)

(liftr)
r(s1, . . . ,sar(r))−⇁γ

∞ r(s′1, . . . ,s
′
ar(r))

where the ith premiss of (liftr) is coinductive iff coindr(i) = 1, and s ⇝⇝⇝⇝
γ,m

s′ denotes any sequence
s −→∗ s′1 −⇁

δ1

∞ t1 −→∗ s′2 −⇁
δ2

∞ . . .−⇁
δm

∞ tm −→∗ s′ such that ∀1 ≤ i ≤ m, δi < γ .

2 A generic compression lemma

As said in the introduction of the paper, an infinitary rewriting system (presented by topological means)
is “compressible” when any rewriting sequence can be turned into a sequence of length at most ω with
same source and target. We want to express the same property in our coinductive setting, hence a first
step is to translate coinductively what a “rewriting sequence of length at most ω” is.

Lemma 5. For s, t ∈ DT∞

D , s −→
0

∞ t iff there is a strongly converging sequence of length at most ω from
s to t.

As a consequence, we say that −→ has the compression property whenever −→∞ = −→
0

∞. We are
now able to give a characterisation of the property in our coinductive setting:
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Theorem 6. We define the following properties of the rewriting relation −→:

Pδ : ∀n ∈ N, ∀s,s′ ∈ DT∞

D , s⇝⇝⇝⇝
δ ,n

s′ ⇒ ∃s′′ ∈ DT∞

D , ∃ε < δ , s −→∗ s′′ −⇁
ε

∞∗ s′,

Q : ∀δ , ∀s, t, t ′ ∈ DT∞

D , Pδ ∧ s −→
δ

∞ t −→ t ′ ⇒ ∃s′ ∈ DT∞

D , s −→∗ s′ −→
δ

∞ t ′.

Then −→ has the compression property iff the property Q holds.

The property Q seems quite convoluted at first sight, but is in fact not very surprising: it essentially
means that given a certain induction hypothesis (namely Pδ ), a rewriting sequence of ordinal length
δ +1 (for an arbitrary infinite ordinal δ ) can be turned into an equivalent sequence of length p+δ = δ

(for some p ∈ N). When one tries to prove a compression lemma in a traditional way, using a transfinite
induction and topological arguments, the key case of the proof is exactly the same, namely the case of a
successor ordinal [17, § 12.7]. Therefore, this theorem can be seen as a “factorisation” of the compression
property: the property Q is the part of the proof that remains to be adapted to each rewriting system.

In the long version of this work we detail the application of theorem 6 to left-linear first-order rewrit-
ing (as presented in example 2), which is the standard example of a compression lemma. Here we focus
on another compression result, proved topologically in [16], and show how it fits into our formalism.

3 Compressing µMALL∞ cut-elimination sequences

We now prove that cut-elimination for the non-wellfounded proof system µMALL∞ (for multiplicative-
additive linear logic with fixed points) is compressible. For the definition of this system and its encoding
in the formalism introduced in section 1, we refer to the long version of this paper; in short, we define
the set S of statements to be the set of (one-sided) µMALL sequents, and DT∞

µMALL∞ to be the set of all
derivations trees generated from S by the rules of the system, including the multicut rule which is an
n-ary cut merging a finite tree of cuts. The derivation trees correspond to µMALL∞ pre-proofs.

Cut-elimination theorems for non-wellfounded proof systems rely on a rewriting relation “moving the
cuts upwards” so that the corresponding infinitary rewriting produces a cut-free derivation. For µMALL∞

this rewriting relation is defined by three kinds root rewriting steps: (i) steps handling technicalities
related to multicuts, e.g. merging a cut into a multicut, (ii) principal steps, corresponding to the situation
where dual formulæ are (multi)cut against each other, for example:

Z⃗

⊢ Γ,F0 ⊢ Γ,F1
(&)

⊢ Γ,F0 &F1

⊢ ∆,F⊥
i

(⊕i,Fi−1)
⊢ ∆,F0

⊥⊕F1
⊥

(mcutk+2,⃗n,⊔)
⊢ H

−→
Z⃗ ⊢ Γ,Fi ⊢ ∆,Fi

⊥
(mcutk+2,⃗n,⊔)

⊢ H

(iii) commutative steps, corresponding to the situation where a multicut is permuted with the last rule of
one of its premisses, for example:

Z⃗

⊢ Γ,F,G
(

&

)
⊢ Γ,F

&

G
(mcutk+1,⃗n,⊔)

⊢ H,F

&

G
−→

Z⃗ ⊢ Γ,F,G
(mcutk+1,⃗n′,⊔)

⊢ H,F,G
(

&

)
⊢ H,F

&

G

Cut-elimination is the relation −→ on DT∞

µMALL∞ generated via definition 3 from these zero steps.

Theorem 7 (compression). −→ satisfies the property Q.
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Proof. We define a derivation prefix p(∗1, . . . ,∗k) to be a finite tree inductively built from the rules of
µMALL∞, with pairwise distinct leaves ∗1, . . . ,∗k (which are fresh symbols). We denote by p(s1, . . . ,sk)
the derivation tree obtained by substituting a derivation tree si to each symbol ∗i. By induction on
arbitrary cut-elimination steps s −→ t (as defined in definition 3), one can show that any such step has
the shape p(s1, . . . ,sk) −→ q(s1, . . . ,sk) for some derivation prefixes p and q. Indeed is true for all cut-
elimination root steps and the induction case is trivial. As a consequence, if we take an ordinal δ and
s, t, t ′ ∈ DT∞

µMALL∞ such that Pδ and s −→
δ

∞ t −→ t ′, we can write t = p(t1, . . . , tn) and t ′ = q(t1, . . . , tn).
Then we shall prove two lemmas that appear in all proofs of compression:

• Pattern extraction. If Pδ holds and s −→
δ

∞ p(t1, . . . , tk), then there exist s′1, . . . ,s
′
k ∈ DT∞

µMALL∞

such that s −→∗ p(s′1, . . . ,s
′
k) and for all i ∈ [1,k], s′i −→

δ

∞ ti. The proof is by a straightforward
induction over p, using Pδ and its following consequence: if s −→

δ

∞ t then there exists s′ ∈ DT∞

D

such that s −→∗ s′ −⇁
δ

∞ t.

• Pattern filling. If for all i ∈ [1,k], s′i −→
δ

∞ ti then q(s′1, . . . ,s
′
k) −→

δ

∞ q(t1, . . . , tk). The proof is by
induction on q.

Using these lemmas we can conclude: s −→∗ p(s′1, . . . ,s
′
k)−→

δ

∞ q(t1, . . . , tn) = t ′.
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