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Nash equilibrium (NE) is a fundamental solution concept in game theory, widely used to model
rational behavior among players. It is one of the most important and extensively studied concepts in the
field. A strategy profile constitutes an NE if no player can deviate profitably, given the strategies of the
others. Thus, NEs represent stable situations.

Unfortunately, in sequential games, NEs suffer from the problem of non-credible threats—see,
e.g., [12, Chapter 5.5]. Specifically, in sequential games, some NEs rely on certain players not acting
rationally following a deviation by another player; instead, they employ non-credible threats to main-
tain the NE and discourage deviations. The presence of non-credible threats poses a significant issue,
which is why, in sequential games, the stronger concept of subgame-perfect equilibrium (SPE) is often
preferred. A profile of strategies forms an SPE if it constitutes an NE in every subgame of the sequen-
tial game, i.e., after any possible history, and thus after any deviation, thereby eliminating non-credible
threats. Thus, SPEs ensure rationality not only in players’ actions but also in their planned responses to
alternative scenarios.

In this talk, we discuss the contributions brought by the negotiation function, a powerful tool that
emerged for the algorithmic study of SPEs in graph games. It was defined first in [2] (and its journal
version [1]), and has been used later in [3], [4] (a journal paper gathering the results of those two papers
has been recently accepted for publication in JACM), and [5]. We present the concept and its known
applications, and discuss how those could be widen.

The negotiation function Let G be a turn-based game with infinite horizon played on a graph, with
some finite number of players. Let V be the vertex set. A requirement is a labeling λ : V → R∪{±∞}.
A play π (i.e., an infinite path in the underlying graph) is λ -consistent if each suffix π≤k of π is a play in
which the player controlling the vertex πk gets payoff at least λ (πk). A strategy profile σ̄−i (for all the
players except one) is λ -rational if after every history h compatible with σ̄−i, there is a play π compatible
with σ̄−i↾h (the strategy profile σ̄−i after the history h) that is λ -consistent.

The negotiation function is a function that takes a requirement λ , and transforms it into the (stronger
or equal) requirement nego(λ ), which maps every vertex v to the best payoff that the player controlling
v can force, from v, against every λ -rational strategy profile.

Let λ0 : v → −∞. All plays are λ0-consistent: therefore, playing rationally with regards to the re-
quirement λ0, and the requirement λ1 = nego(λ0) labels every vertex with what is known in the literature
as its adversarial value. A possible rephrasing of a classical folklore result is the following one: in a
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large class of games, the requirement λ1 characterises Nash equilibria, in the sense that given a play π ,
there exists a Nash equilibrium that generates the play π if and only if the play π is λ1-consistent. It
is shown in [2] that a similar results holds for SPEs: let λ ⋆ be the least fixed point of the negotiation
function (always guaranteed to exist, by Tarski’s fixed point theorem). Then, there exists an SPE that
generates the play π if and only if the play π is λ ⋆-consistent.

Note that for λ ≤ λ ′, all λ ′-consistent plays are also λ -consistent. Thus, this characterisation can
also be rephrased as follows: there exists an SPE that generates the play π if and only if the play π is
λ -consistent, for some fixed point λ of the negotiation function.

The constrained existence problem The negotiation function has emerged as an algorithmic tool to
solve the SPE constrained existence problem: Given an initialised game G↾v0 and, for each player i, a
lower threshold xi ∈Q and an upper threshold yi ∈Q, does there exists an SPE in G↾v0 that generates, for
each player, a payoff lying between the specified thresholds? In the literature, this problem was known
to be NP-hard and EXPTIME-easy in games with parity objectives [13], and left open in games with
mean-payoff objectives—two natural and classical classes of objectives. The negotiation function was
first introduced to prove the decidability of the constrained existence problem for mean-payoff objec-
tives [2, 1]. Later on, it was used to close the complexity gap for parity objectives, proving that the con-
strained existence problem for that class is NP-complete [3]. Then, a similar algorithm, with additional
techniques, was used to prove NP-completeness of the same problem for mean-payoff objectives [4].

Interestingly, none of the algorithms presented in those two last papers uses the classical technique
to compute the least fixed point of a function: namely, computing the iterations of the function from a
bottom element. An algorithm of that type is suggested in a general framework in [11], and used to show
tight complexity bounds in quantitative reachability games in [6] (in both cases, the negotiation function
is implicitly present in the algorithm but not explicitly conceptualised); but in parity games, such an
algorithm is efficient only if the number of players and of colours is small [3], and in mean-payoff games,
it is not even guaranteed to terminate [1]. Instead, the non-deterministic algorithms guess a requirement
and, simultaneously, a certificate of the fact that it is a fixed point of the negotiation function—by the
remark made above, guessing some fixed point is sufficient, and we do not need to compute the least of
them.

In games with mean-payoff objectives, it is worth noting that the negotiation function also captures
ε-SPEs, a quantitative relaxation of SPEs (which are characterised by the requirement that are a fixed
point of the negotiation up to ε), and that the constrained existence problem of ε-SPEs is also NP-
complete [1]. This characterisation does also enable to study a variant of this problem: the achaotic
constrained existence problem, which is motivated by rational verification [5]: Given a game G↾v0 , and
player i and a threshold t, is it true that every εmin-SPE in G↾v0 is such that player i gets at least the payoff t,
where εmin is the least ε ≥ 0 such that there exists an ε-SPE in G↾v0? This problem is specifically relevant
in games with mean-payoff objectives, where SPEs are not guaranteed to exist [15]; and in those games,
using the negotiation function, it has been shown that the quantity εmin exists, that it can be expressed
with polynomially many bits, and that the achaotic constrained existence problem is PNP-complete [5].

An unpublished extension: weak subgame-perfect equilibria An unpublished extension of the work
described above is the algorithmic study of weak subgame-perfect equilibria (weak SPE). A strategy
profile is a weak SPE if it constitues a weak NE in every subgame, that is, if in every subgame, no player
can increase their payoff with a finite deviation of their strategy (i.e., by replacing the strategy σi by σ ′

i
such that the set {h | σi ̸= σ ′

i } is finite). It is well known [7] that the definition of weak SPEs coincides
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to that of very weak SPEs, in which no player, in any subgame, has a profitable one-shot deviation (the
set {h | σi ̸= σ ′

i } is a singleton).
Weak SPEs can be captured by the weak negotiation function, a (simpler) variant of the negotiation

function. The weak negotiation function transforms a requirement λ into the requirement wnego(λ ),
which maps every vertex v to the best payoff that the player controlling v can obtain, if they choose one
single edge vw from v, and then an adversarial player chooses the worst possible λ -consistent play from
the vertex w:

wnego(λ )(v) = max
edge vw

inf
π λ -consistent from w

µi(π),

where i is the player controlling v, and µi their payoff function.
We then have the following unpublished theorem.

Theorem 1 (unpublished). Let G be a game with parity or with mean-payoff objectives, and let π be a
play in G . Then, the play π is generated by a weak SPE if and only if there exists a fixed point λ of the
weak negotiation function such that π is λ -consistent.

This characterisation can be used to show complexity results similar as those described above for
SPEs. In parity games, the following result is already known.

Theorem 2 ([8]). In parity games, the constrained existence problem of weak SPEs is NP-complete.

However, in mean-payoff games, a proof similar to that of [4] proves the following theorem.

Theorem 3 (unpublished). In mean-payoff games, the constrained existence problem of weak SPEs is
NP-complete.

Another question for which the negotiation function can be used is that of existence of equilibria.
In parity games, SPEs are always guaranteed to exist [13]. Since SPEs are weak SPEs, the latter are, a
fortiori, guaranteed to exist. Mean-payoff games, on the other hand, are not guaranteed to contain SPEs;
but it is known that they always contain weak SPEs.

Theorem 4 ([9]). Every mean-payoff game contains a weak SPE.

However, a significantly shorter proof can be done using the notion of weak negotiation function: by
defining the iterations λ0 : v 7→ −∞, λ1 = wnego(λ0), λ2 = wnego(λ1), . . . , one can show by induction
that all those requirements λk are such that there always exists a λk-consistent play from every vertex,
and deduce that they converge to a fixed point that also has that property, from which one can build a
weak SPE.

Conjecture: randomised ε-SPEs in mean-payoff games All the works mentioned above consider
a framework in which strategies are deterministic. If, now, we consider that players are allowed to
randomise their strategies, the problems are significantly changed. In this new framework, it is known
that the constrained existence problem of SPEs, even with reachability objectives, is undecidable [14].

As already mentioned, when players are not allowed to randomise, it is known that there exist mean-
payoff games that do not contain any SPE. This result still holds when randomisation is allowed. How-
ever, in that new framework, we make the following conjecture.

Conjecture 1. For every ε > 0, every mean-payoff games contains a (randomised) ε-SPE.

We believe that a proof based on a variant of the negotiation function, similar to our proof of theo-
rem 4, may be a possible direction, and we would like to propose this open question to the community.
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